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STEP Mathematics III 2010: Solutions 
 
Section A: Pure Mathematics 
 
1.  The first two parts are obtained by separating off the final term of the summation and 

expanding the brackets respectively giving ܥ ൌ
ଵ

ାଵ
ሺ݊ܣ   ାଵሻ, andݔ

ܤ ൌ
1

݊
ݔ

ଶ



ୀଵ

െ  ଶܣ

(the latter given in the question) . 
By comparison with the expression for B, 

ܦ ൌ
1

݊  1
ݔ

ଶ

ାଵ

ୀଵ

െ  ଶܥ

which by substituting for 

1

݊
ݔ

ଶ



ୀଵ

 

from the expression for B gives 

ܦ ൌ
1

݊  1
ሾ݊ሺܤ  ଶሻܣ  ାଵݔ

ଶሿ െ  ଶܥ

. 
Substituting for C from the initial result, the required expression can be obtained which can most 
neatly be written  

ܦ ൌ
݊

ሺ݊  1ሻଶ
ሾሺ݊  1ሻܤ  ሺܣ െ ାଵሻݔ

ଶሿ 

 
Thus ሺ݊  1ሻܦ ൌ ܤ݊ 



ାଵ
ሺܣ െ ାଵሻݔ

ଶ yielding the first inequality. 

 

Also, ܦ െ ܤ ൌ


ሺାଵሻమ
ሺܣ െ ାଵሻݔ

ଶ െ
ଵ

ାଵ
 and this quadratic expression is only negative if and ܤ

only if ሺܣ െ ାଵሻݔ
ଶ ൏

ାଵ


 .ܤ

Rearranging the inequality to make xn+1  the subject yields the required result. 
 
2.  The expression of cosh a in exponentials enables the integral to be written as 

න
1

ଶݔ  ሺ݁ݔ  ݁ିሻ  1

ଵ



 ݔ݀

which can in turn can be expressed as 

න
1

ሺݔ  ݁ሻሺݔ  ݁ିሻ
ݔ݀

ଵ



 

and so employing partial fractions this is 
1

ሺ݁ െ ݁ିሻ
݈݊ ൬

ݔ  ݁ି

ݔ  ݁
൰൨


ଵ

 



The evaluation of this with simplification of logarithms yields 
1

2 sinh ܽ
൭݈݊ ൬݁

1  ݁

1  ݁
൰൱ 

giving the required result. 
In part (ii), the same technique can be employed for both integrals giving, in the first case 

න
1

ሺݔ  ݁ሻሺݔ െ ݁ିሻ
ݔ݀

ஶ

ଵ

 

ൌ
1

ሺ݁  ݁ିሻ
݈݊ ൬

ݔ െ ݁ି

ݔ  ݁
൰൨
ଵ

ஶ

 

ൌ
1

2 cosh ܽ
ቆܽ  ݈݊ ቀcoth

ܽ

2
ቁቇ 

and in the second 

න
1

ሺݔଶ  ݁ሻሺݔଶ  ݁ିሻ

ஶ



 ݔ݀

ൌ
1

ሺ݁ െ ݁ିሻ
ቈ
1

݁ି

ଶ

tanିଵ ቆ
ݔ

݁ି

ଶ

ቇ െ
1

݁

ଶ

tanିଵ ቆ
ݔ

݁

ଶ

ቇ



ஶ

 

ൌ
1

2 sinhܽ
ቀ
ߨ

2
2 sinh

ܽ

2
ቁ 

or alternatively 
ߨ

4 cosh
ܽ
2

 

 
3.  The two primitive 4th roots of unity are േ݅ so ܥସሺݔሻ ൌ ሺݔ െ ݅ሻሺݔ  ݅ሻ ൌ ଶݔ  1 
 

ሻݔଵሺܥ ൌ ݔ െ ଶݔ  , 1 െ 1 ൌ ሺݔ െ 1ሻሺݔ  1ሻ  so  ܥଶሺݔሻ ൌ ݔ  1,  
ଷݔ െ 1 ൌ ሺݔ െ 1ሻሺݔଶ  ݔ  1ሻ  so  ܥଷሺݔሻ ൌ ଶݔ  ݔ  1 
ହݔ െ 1 ൌ ሺݔ െ 1ሻሺݔସ  ଷݔ  ଶݔ  ݔ  1ሻ  so  ܥହሺݔሻ ൌ ସݔ  ଷݔ  ଶݔ  ݔ  1 
ݔ െ 1 ൌ ሺݔଷ െ 1ሻሺݔଷ  1ሻ ൌ ሺݔଷ െ 1ሻሺݔ  1ሻሺݔଶ െ ݔ  1ሻ  so  ܥሺݔሻ ൌ ଶݔ െ ݔ  1 
 

In part (ii), ܥሺݔሻ ൌ 0 ⇒ ସݔ ൌ െ1 ⇒ ଼ݔ ൌ 1  so n is a multiple of 8, and as there are 4 primitive 
8th roots of unity, n must be 8. 
 
ݔ ൌ 1 ⇒ ݔ െ 1 ൌ 0 ⇒ ሺݔ െ 1ሻሺݔିଵ  ିଶݔ  ିଷݔ  ⋯ 1ሻ   
1 is the only non-primitive root as no power of any other root less than the pth  equals unity, 
because p is prime, so  ܥሺݔሻ ൌ ିଵݔ  ିଶݔ  ିଷݔ  ⋯ 1 
 
No root of  ܥሺݔሻ ൌ 0 is a root of  ܥ௧ሺݔሻ ൌ 0 for any ݐ ് ݊.  (For if ݐ ൏ ݊, by the definition of  
ሻ, there is no integer t such that ܽ௧ݔሺܥ ൌ 1 when  ܽ ൌ 1.  Similarly, if ݐ  ݊.) 
Thus if  ܥሺݔሻ ≡ ሻݔሺܥ  ሻ, and ifݔ௦ሺܥሻݔሺܥ ൌ 0, then ܥሺݔሻ ൌ 0 or ܥ௦ሺݔሻ ൌ 0 , so 
ݍ ൌ ݍ or  ݎ ൌ  .ݏ



If  ݍ ൌ ሻݔሺܥ then ,ݎ ≡ ሻݔ௦ሺܥ ሻ , and soݔሺܥ ≡ 1 which is not possible for positive s, and 
likewise in the alternative case. 
 
4.  (i)  As  ߙ satisfies both equations, ߙଶ  ߙܽ  ܾ ൌ 0 and  ߙଶ  ߙܿ  ݀ ൌ 0, so subtracting 
these the desired result is simply found. 
If ሺܾ െ ݀ሻଶ െ ܽሺܾ െ ݀ሻሺܽ െ ܿሻ  ܾሺܽ െ ܿሻଶ ൌ 0, then we may divide by ሺܽ െ ܿሻଶ, and find that 

െ
ሺିௗሻ

ሺିሻ
 satisfies ݔଶ  ݔܽ  ܾ ൌ 0.  But also, 

 ቀ
ሺିௗሻ

ሺିሻ
ቁ
ଶ

 ܿ ቀെ
ሺିௗሻ

ሺିሻ
ቁ  ݀ ൌ ቀ

ሺିௗሻ

ሺିሻ
ቁ
ଶ

 ܽ ቀെ
ሺିௗሻ

ሺିሻ
ቁ  ܾ  ሺܿ െ ܽሻ ቀെ

ሺିௗሻ

ሺିሻ
ቁ  ሺ݀ െ ܾሻ and 

so െ
ሺିௗሻ

ሺିሻ
 satisfies ݔଶ  ݔܿ  ݀ ൌ 0. 

On the other hand if there is a common root, then it is found at the start of the question and as it 
satisfies ߙଶ  ߙܽ  ܾ ൌ 0, the required result is found. 
If  ሺܾ െ ݀ሻଶ െ ܽሺܾ െ ݀ሻሺܽ െ ܿሻ  ܾሺܽ െ ܿሻଶ ൌ 0  and  ܽ ൌ ܿ, then ܾ ൌ ݀ and so the two 
equations are one and trivially have a common root.  Alternatively, if there is a common root and  
ܽ ൌ ܿ, then the initial subtraction yields  ܾ ൌ ݀, and so the result is trivially true. 
 
(ii)  If ሺܾ െ ሻଶݎ െ ܽሺܾ െ ሻሺܽݎ  ܾ െ ሻݍ  ܾሺܽ  ܾ െ ሻଶݍ ൌ 0, then ݔଶ  ݔܽ  ܾ ൌ 0  and  
ଶݔ  ሺݍ െ ܾሻݔ  ݎ ൌ 0  have a common root from (i), and so then do ݔଶ  ݔܽ  ܾ ൌ 0  and  
ଶݔሺݔ  ݔܽ  ܾሻ  ଶݔ  ሺݍ െ ܾሻݔ  ݎ ൌ 0 which is the required result. 
On the other hand, if the two equations have a common root ߙ, then ߙଶ  ߙܽ  ܾ ൌ 0 
and ߙଷ  ሺܽ  1ሻߙଶ  ߙݍ  ݎ ൌ 0 , and thus so does 
ଷߙ   ሺܽ  1ሻߙଶ  ߙݍ  ݎ െ ଶߙሺߙ  ߙܽ  ܾሻ ൌ 0 which is a quadratic equation and we can use 
the result from (i) again. 

Using ൌ
ହ

ଶ
ݍ ,  ൌ

ହ

ଶ
ݎ ,  ൌ

ଵ

ଶ
 , in the given condition, we obtain a cubic equation in b, 

 ܾଷ െ
ଷ

ଶ
ܾଶ 

ଵ

ସ
ܾ 

ଵ

ସ
ൌ 0, which has a solution ܾ ൌ 1, meaning the other two can be simply 

obtained as  ܾ ൌ
ଵേ√ହ

ସ
. 

 

5.  The line CP can be shown to have equation ሺ1 െ ݊ሻݕ ൌ ݔ െ ܽ݊ and so R is ቀ0,


ିଵ
ቁ 

So, similarly, S must be ቀ


ିଵ
, 0ቁ. 

Thus RS has equation ݊ሺ݉ െ 1ሻݔ  ݉ሺ݊ െ 1ሻݕ ൌ ܽ݉݊ and PQ has equation ݉ݔ  ݕ݊ ൌ ܽ݉݊. 
As the coordinates of T satisfy both equations, they satisfy their difference which is 

 ሺ݉݊ െ ݊ െ݉ሻሺݔ  ሻݕ ൌ 0.  As RS and PQ intersect, 



്

ሺିଵሻ

ሺିଵሻ
 which yields 

 ሺ݉ െ ݊ሻሺ݉݊ െ݉ െ ݊ሻ ് 0 and hence ሺ݉݊ െ݉ െ ݊ሻ ് 0 implying that T’s coordinates 
satisfy ݔ  ݕ ൌ 0 giving the desired result.  (Alternatively,  ݉݊ െ݉ െ ݊ ൌ 0 ⇔ ݊ ൌ



ିଵ
൏ 0  , 

which is a contradiction.) 
The construction can be achieved more than one way, but one is to label the given square ABCD 
anti-clockwise, choose points on AB and AD different distances from A, label them P and Q, 
construct CP and CQ, and find their intersections with AD and AB, R and S, respectively, and 
find the intersection of PQ and RS, label it T, then TA is perpendicular to AC.  Rotating the 
labelling through a right angle and repeating three more times achieves the desired square. 
 



6.  ଵܲ is ሺcos߮ , sin߮ , 0ሻ, ଶܲ is ሺcos߮ cos ߣ , sin߮ cos ߣ , sin ሻ, ܳଵ is ሺെsin߮ߣ , cos߮ , 0ሻ, ܳଶ is 
ሺെsin߮ , cos߮ , 0ሻ, ܴଵ is ሺ0,0,1ሻ and ܴଶ is ሺെ cos߮ sin ߣ , െsin߮ sin ߣ , cos  .ሻߣ
The scalar product ܱ ଶܲ ∙ ܱ ܲ gives the quoted result immediately.  The direction of the axis can 

be found from the vector product ൭
1
0
0
൱ ൈ ൭

cos߮ cos ߣ
sin߮ cos ߣ
sin ߣ

൱ giving the direction of the axis as 

൭െ
0

sin ߣ
sin߮ cos ߣ

൱. 

 
7.  The initial result can be obtained by differentiating y directly twice obtaining 
ௗ௬

ௗ௫
ൌ െ sinሺ݉ sinିଵ ሻݔ



√ଵି௫మ
  

ௗమ௬

ௗ௫మ
ൌ െ cosሺ݉ sinିଵ ሻݔ

మ

ଵି௫మ
െ sinሺ݉ sinିଵ ሻݔ

௫

ሺଵି௫మሻ
య
మ

 and substituting into the LHS. 

(Slightly more elegant is to rearrange as cosିଵ ݕ ൌ ݉ sinିଵ  differentiate and then square to ,ݔ

obtain ሺ1 െ ଶሻݔ ቀ
ௗ௬

ௗ௫
ቁ
ଶ
ൌ ݉ଶሺ1 െ  (.ଶሻ and then differentiate a second timeݕ

The two similar results are ሺ1 െ ଶሻݔ
ௗయ௬

ௗ௫య
െ ݔ3

ௗమ௬

ௗ௫మ
 ሺ݉ଶ െ 1ሻ

ௗ௬

ௗ௫
ൌ 0 and 

 ሺ1 െ ଶሻݔ
ௗర௬

ௗ௫ర
െ ݔ5

ௗయ௬

ௗ௫య
 ሺ݉ଶ െ 4ሻ

ௗమ௬

ௗ௫మ
ൌ 0, which lead to the conjecture 

 ሺ1 െ ଶሻݔ
ௗశమ௬

ௗ௫శమ
െ ሺ2݊  1ሻݔ

ௗశభ௬

ௗ௫శభ
 ሺ݉ଶ െ ݊ଶሻ

ௗ௬

ௗ௫
ൌ 0 which is proved simply by induction. 

 

Using ൌ 0 , we find that ݕ ൌ 1 , 
ௗ௬

ௗ௫
ൌ 0 , 

ௗమ௬

ௗ௫మ
ൌ െ݉ଶ , 

ௗయ௬

ௗ௫య
ൌ 0 , 

ௗర௬

ௗ௫ర
ൌ ݉ଶሺ݉ଶ െ 4ሻ 

and so the Maclaurin series commences ݕ ൌ 1 െ
మ

ଶ!
ଶݔ 

మ൫మିଶమ൯

ସ!
ସݔ  ⋯  

 
Now replacing x by sin  ,ߠ

 cos݉ߠ ൌ 1 െ
మ

ଶ!
ଶݔ 

మ൫మିଶమ൯

ସ!
ସݔ  ⋯ ൌ 1 െ

మ

ଶ!
sinଶ ߠ 

మ൫మିଶమ൯

ସ!
sinସ ߠ ⋯ 

All the odd differentials are zero, and the even ones are ሺെ1ሻାଵ݉ଶሺ݉ଶ െ 2ଶሻ… ሺ݉ଶ െ ሺ2݇ሻଶሻ, 
so if m is even all the terms are zero from a certain point (when ݉ ൌ 2݇) and thus the series 
terminates and is a polynomial in sin  .of degree m ,ߠ
 
8.  Substituting for ܲሺݔሻ, the desired integral is seen to be the reverse of the quotient rule, i.e. 

ܴሺݔሻ

ܳሺݔሻ
ሺ݇ሻ 

To choose a suitable function ܴሺݔሻ in part (i), substitution of ܴሺݔሻ ൌ ܽ  ݔܾ   ଶ andݔܿ
ܳሺݔሻ ൌ 1  ݔ2   ଶ in the given expression yields a quadratic equation, and equating theݔ3
coefficients of the powers of x gives 5 ൌ െ3ܾ  2ܿ , െ2 ൌ െ3ܽ  ܿ , െ3 ൌ െ2ܽ  ܾ. 
These three equations are linearly dependent and so their solution is not unique. 
Choosing, for example  ܽ ൌ 0 , ൌ െ3 , ܿ ൌ െ2 and then  ܽ ൌ 1 , ܾ ൌ െ1 , ܿ ൌ 1 gives solutions 

which are related by 
ଵି௫ା௫మ

ଵାଶ௫ାଷ௫మ
ൌ

ଵାଶ௫ାଷ௫మିଷ௫ିଶ௫మ

ଵାଶ௫ାଷ௫మ
ൌ 1 

ିଷ௫ିଶ௫మ

ଵାଶ௫ାଷ௫మ
  i.e. the same bar the 

 
 arbitrary constant. 



(ii)  Rearranging the equation to be solved as  
ௗ௬

ௗ௫


ሺୱ୧୬௫ିଶୡ୭ୱ௫ሻ

ሺଵାୡ୭ୱ௫ାଶ ୱ୧୬௫ሻ
ݕ ൌ

ሺହିଷୡ୭ୱ௫ାସୱ୧୬௫ሻ

ሺଵାୡ୭ୱ௫ାଶୱ୧୬௫ሻ
, the 

integrating factor is ݁
ሺ౩ೣషమౙ౩ೣሻ

ሺభశౙ౩ೣశమ౩ೣሻ
ௗ௫
ൌ ݁ି ୪୬ሺଵାୡ୭ୱ௫ାଶ ୱ୧୬௫ሻ ൌ

ଵ

ଵାୡ୭ୱ ௫ାଶୱ୧୬௫
 

As a result, the RHS we require to integrate is 
ሺହିଷୡ୭ୱ௫ାସୱ୧୬௫ሻ

ሺଵାୡ୭ୱ௫ାଶ ୱ୧୬௫ሻమ
 

Repeating similar working to part (i), except with ܳሺݔሻ ൌ 1  cos ݔ  2 sin  and ݔ
 ܴሺݔሻ ൌ ܽ  ܾ sin ݔ  ܿ cos  ,gives three linearly dependent equations ,ݔ
 5 ൌ ܾ െ 2ܿ , െ3 ൌ ܾ െ 2ܽ , 4 ൌ ܽ െ ܿ 
Choosing e.g.  ൌ 4 , ܾ ൌ 5 , ܿ ൌ 0, the solution is ݕ ൌ 4  5 sin ݔ  ݇ሺ1  cos ݔ  2 sin  ሻݔ
 
 
 
 
Section B: Mechanics 
 

9.  Resolving radially inwards for the mass P,  ݉݃ sin  ߠ െ ܴ ൌ
௩మ


 ,  

where R is the normal reaction of the block on P, and v is the (common) speed of the masses 
when OP makes an angle ߠ with the table. 
 

Conserving energy,  
ଵ

ଶ
ଶݒ݉ 

ଵ

ଶ
ଶݒܯ  ݉݃ܽ sin ߠ െ ߠܽ݃ܯ ൌ 0 , and making ݒଶ the subject of 

this formula to substitute in the first equation re-arranged for R,  

ܴ ൌ ݉݃ sin  ߠ െ
ଶሺெఏିୱ୧୬ఏሻ

ାெ
ൌ

൫ሺଷାெሻ ୱ୧୬ఏିଶெఏ൯

ାெ
  is found. 

Remaining in contact requires this expression to be non-negative for all  , 0  ߠ 
గ

ଶ
. 

Considering the graphs of   ݕ ൌ asin ݕ and ߠ ൌ for  0  ߠܾ  ߠ 
గ

ଶ
 ,  

asin ߠ െ ߠܾ  0, ,ߠ∀ 0  ߠ 
గ

ଶ
   if and only if  asin ߠ െ ߠܾ  0  for ߠ ൌ

గ

ଶ
 

so ܴ  0  for all ߠ, 0  ߠ 
గ

ଶ
  if and only if  ሺ3݉ ܯሻ sin

గ

ଶ
െ ܯ2

గ

ଶ
 0 which gives the 

required result. 
 

10.  Resolving perpendicularly to OB,  ݉ܽ߶ሷ ൌ െܶ cos ቀ
గ

ଶ
െ ߠ െ ߶ቁ , where the tension in the 

elastic string is  ܶ ൌ ߣ
ି


.  The sine rule 



ୱ୧୬ఏ
ൌ



ୱ୧୬థ
 

Putting these three results together gives the required expression. 

Also from the sine rule,  


ୱ୧୬ሺఏାథሻ
ൌ



ୱ୧୬ఏ
, so for ߶ and ߠ small, 



ఏାథ
ൎ



ఏ
 yielding the desired 

result. 
From this result, ߠ may be made the subject of the formula, so that the result 

 ݉ܽ߶ሷ ൌ െߣ ቀ
 ୱ୧୬థ

 ୱ୧୬ఏ
െ 1ቁ sinሺߠ  ߶ሻ, which for small angles becomes 

 ݉ܽ߶ሷ ൎ െߣ ቀ
థ

ఏ
െ 1ቁ ሺߠ  ߶ሻ can be written ߶ሷ ൎ െ

ఒ


ቀ
ିି


ቁ ቀ



ି
ቁ߶ 

and hence the period is ߬ ൎ ටߨ2
ሺିሻ

ఒሺିିሻ
. 

 
 



11.  If the acceleration of the block is  ܽᇱ , and the acceleration of the bullet is  ܽᇱᇱ, then 
ܴ െ ܯሺߤ ݉ሻ݃ ൌ ᇱ and െܴܽܯ ൌ ݉ܽᇱᇱ , 

so the relative acceleration  ܽ ൌ ܽᇱ െ ܽᇱᇱ ൌ
ோ




ோିఓሺெାሻ

ெ
 

 
The initial velocity of the bullet relative to the block is –  and the final velocity of the bullet ݑ
relative to the block is 0.  If the time between the bullet entering the block and stopping moving 

through the block is T, then using” ݒ ൌ ݑ  0 ,“ ݐܽ ൌ െݑ  ቀ
ோ




ோିఓሺெାሻ

ெ
ቁܶ 

For the block, the initial velocity is 0 , the final velocity is ݒ , and again using ݒ ൌ ݑ   , ݐܽ
 

ݒ ൌ ܽᇱܶ ൌ
ோିఓሺெାሻ

ெ

௨

ቀ
ೃ


ା
ೃషഋሺಾశሻ

ಾ
ቁ
  and so 

ݒܽ  ൌ ቀ
ோ




ோିఓሺெାሻ

ெ
ቁ
ோିఓሺெାሻ

ெ

௨

ቀ
ೃ


ା
ೃషഋሺಾశሻ

ಾ
ቁ
ൌ

ோ௨ିఓሺெାሻ௨

ெ
 as required. 

If the distance moved by the block whilst the bullet is moving through the block is ݏ,  

using” ݒଶ ൌ ଶݑ  ଶݒ  ,“ ݏ2ܽ ൌ 2ܽᇱݏ andso ݏ ൌ
௩మ

ଶᇲ
ൌ

ெ௩మ

ଶሺோିఓሺெାሻሻ
ൌ

ெ௩మ

ଶ
ಾೌೡ

ೠ

ൌ
௨௩

ଶ
 

 
Once the bullet stops moving through the block, the next initial velocity of block/bullet is ݒ, the 
final velocity is 0, the acceleration is –  ᇱusingݏ so the distance moved ,݃ߤ

ଶݒ“  ൌ ଶݑ  is given by 0 ”ݏ2ܽ ൌ ଶݒ െ ᇱݏ .ᇱ i.eݏ݃ߤ2 ൌ
௩మ

ଶఓ
 

Thus the total distance moved is 
௨௩

ଶ


௩మ

ଶఓ
ൌ  

௩

ଶఓ
ሾݑ݃ߤ   ሿݒܽ

ൌ
௩

ଶఓ
ቂݑ݃ߤ 

ோ௨ିఓሺெାሻ௨

ெ
ቃ  

 

ൌ
௨௩

ଶఓ
ቂ
ோିఓ

ெ
ቃ  

 

ൌ
௨௩

ଶఓ
ቂ
ோିఓ

ெ
ቃ

ଵ
ೃ


ା
ೃషഋሺಾశሻ

ಾ

  

 

ൌ
௨௩

ଶఓ
ቂ
ோିఓ

ெ
ቃ

ெ

ሺெାሻሺோିఓሻ
ൌ

௨௩

ଶሺெାሻఓ
  

 

If ܴ ൏ ሺܯ ݉ሻ݃ߤ, then the block does not move, and the bullet penetrates to a depth 
௨మ

ଶோ
. 

 
 
Section C: Probability and Statistics 
 
12.   ܵ െ ܵݎ ൌ 1  ݎ݀  ଶݎ݀ ⋯ ݎ݀  ⋯  which is 1 plus an infinite GP.  Summing that GP 
and making S the subject produces the displayed result. 
 
ሻܣሺܧ ൌ 1ܽ  2ሺ1 െ ܽሻܽ  3ሺ1 െ ܽሻଶܽ  ⋯ ݊ሺ1 െ ܽሻିଵܽ ⋯  so making use of the first 

result with ݀ ൌ ݎ ,1 ൌ ሺ1 െ ܽሻ,  ܧሺܣሻ ൌ ܽ ൜
ଵ

ଵିሺଵିሻ


ሺଵିሻ

൫ଵିሺଵିሻ൯
మൠ ൌ ܽ ቄ

ଵ




ଵି

మ
ቅ ൌ

ଵ


  



ߙ ൌ ܽ  ሺ1 െ ܽሻሺ1 െ ܾሻߙ ൌ ܽ  ܽᇱܾᇱߙ or alternatively, ߙ ൌ ܽ  ܽᇱܾᇱܽ  ܽᇱ
ଶ
ܾᇱ
ଶ
ܽ  ⋯  which 

both lead to the required result. 

ߚ ൌ 1 െ ߙ ൌ
ᇲ

ଵିᇲᇲ
 or alternatively, ߚ ൌ ܽᇱܾ  ܽᇱ

ଶ
ܾᇱܾ  ܽᇱ

ଷ
ܾᇱ
ଶ
ܾ  ⋯ ൌ

ᇲ

ଵିᇲᇲ
 

 
The expected number of shots, S, is given by 
ሺܵሻܧ  ൌ 1ܽ  2ܽᇱܾ  3ܽᇱܾᇱܽ  4ܽᇱ

ଶ
ܾᇱܾ  5ܽᇱ

ଶ
ܾᇱ
ଶ
ܽ  ⋯  

ൌ ܽ൛1  3ܽᇱܾᇱ  5ܽᇱ
ଶ
ܾᇱ
ଶ
 ⋯ ൟ  2ܽᇱܾሼ1  2ܽᇱܾᇱ  ⋯ ሽ  

which using the initial result of the question ൌ ܽ ቂ
ଵ

ଵିᇲᇲ


ଶᇲᇲ

ሺଵିᇲᇲሻమ
ቃ  2ܽᇱܾ ቂ

ଵ

ଵିᇲᇲ


ᇲᇲ

ሺଵିᇲᇲሻమ
ቃ 

and can be shown to simplify to the required expression.  
 
,ሺܼଵݎݎܥ  .13 ܼଶሻ ൌ 0 

ሺܧ ଶܻሻ ൌ ܧ ቀߩଵଶܼଵ  ሺ1 െ ଵଶߩ
ଶ ሻ

భ

మܼଶቁ ൌ ሺܼଵሻܧଵଶߩ  ሺ1 െ ଵଶߩ
ଶ ሻ

భ

మܧሺܼଶሻ ൌ 0  

ሺݎܸܽ ଶܻሻ ൌ ݎܸܽ ቀߩଵଶܼଵ  ሺ1 െ ଵଶߩ
ଶ ሻ

భ

మܼଶቁ ൌ ଵଶߩ
ଶ ሺܼଵሻݎܸܽ  ሺ1 െ ଵଶߩ

ଶ ሻܸܽݎሺܼଶሻ  

ൌ ଵଶߩ
ଶ  ሺ1 െ ଵଶߩ

ଶ ሻ ൌ 1  
 
As ܧሺ ଵܻሻ ൌ ሺܧ ଶܻሻ ൌ 0 and ܸܽݎሺ ଵܻሻ ൌ ሺݎܸܽ ଶܻሻ ൌ 1,  

ሺݎݎܥ ଵܻ, ଶܻሻ ൌ
௩ሺభ,మሻ

ඥሺభሻሺమሻ
ൌ ሺݒܥ ଵܻ, ଶܻሻ ൌ ሺܧ ଵܻ ଶܻሻ െ ሺܧ ଵܻሻܧሺ ଶܻሻ  

ൌ ܧ ቀߩଵଶܼଵ
ଶ  ሺ1 െ ଵଶߩ

ଶ ሻ
భ

మܼଵܼଶቁ ൌ ሺܼଵሻݎଵଶܸܽߩ  ሺ1 െ ଵଶߩ
ଶ ሻ

భ

మܧሺܼଵሻܧሺܼଶሻ ൌ  ଵଶߩ

 
ሺܧ ଷܻሻ ൌ ሺܼܽଵܧ  ܾܼଶ  ܼܿଷሻ ൌ ሺܼଵሻܧܽ  ሺܼଶሻܧܾ  ሺܼଷሻܧܿ ൌ 0 is given. 
ሺݎܸܽ ଷܻሻ ൌ 1  implies  ܽଶ  ܾଶ  ܿଶ ൌ 1 
ሺݎݎܥ ଵܻ, ଷܻሻ ൌ ܽ  ଵଷ   impliesߩ ൌ  .ଵଷ as seen beforeߩ

ሺݎݎܥ ଶܻ, ଷܻሻ ൌ ଵଶܽߩ  ଶଷ   impliesߩ  ሺ1 െ ଵଶߩ
ଶ ሻ

భ

మܾ ൌ  ଶଷߩ

and hence ܽ ൌ ܾ ,ଵଷߩ ൌ
ఘమయିఘభమఘభయ

൫ଵିఘభమ
మ ൯

భ
మ

 , ܿ ൌ ට1 െ ଵଷߩ
ଶ െ

ሺఘమయିఘభమఘభయሻ
మ

൫ଵିఘభమ
మ ൯

 

 
 
ܺ ൌ ߤ  ߪ ܻ  for  ݅ ൌ 1,2,3  as ܧሺ ܺሻ ൌ ߤሺܧ  ߪ ܻሻ ൌ ሻߤሺܧ  ߪሺܧ ܻሻ ൌ ߤ  ሺܧߪ ܻሻ ൌ  ,ߤ
ሺݎܸܽ ܺሻ ൌ ߤሺݎܸܽ  ߪ ܻሻ ൌ ߪሺݎܸܽ ܻሻ ൌ ߪ

ଶܸܽݎሺ ܻሻ ൌ ߪ
ଶ , and 

൫ݎݎܥ ܺ, ܺ൯ ൌ ൫ݎݎܥ ܻ, ܻ൯ ൌ  . as a linear transformation does not affect correlationߩ
 


