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STEP Mathematics 111 2010: Solutions
Section A: Pure Mathematics

1. The first two parts are obtained by separating off the final term of the summation and
expanding the brackets respectively giving C = ﬁ (nA + x,,41), and
n

1
B:_Z 2_A2
n X1

k=1
(the latter given in the question) .
By comparison with the expression for B,
5 1 n+1 , CZ
Thtr1lk
- - - k=1
which by substituting for
n
1
- 2
PR
k=1

from the expression for B gives

1
D =n+1[n(B + A?%) + x,,1%] — C?

Substituting for C from the initial result, the required expression can be obtained which can most
neatly be written

n
D=y [(n+ DB + (4 — x,41)%]

Thus (n + 1)D = nB + —— (A — x,,)? yielding the first inequality.

n
(n+1)2
only if (A4 — x,41)? < ”T“B.
Rearranging the inequality to make x,.+1 the subject yields the required result.

Also,D — B =

(A—x,41)% — ﬁB and this quadratic expression is only negative if and

2. The expression of cosh a in exponentials enables the integral to be written as
1

1
d
fx2+x(ea+e‘a)+1 x

0
which can in turn can be expressed as
1

1
J (x+ev)(x+e2) dx

0
and so employing partial fractions this is
1

(e@ —1e‘a) [ln (xx-l-_l-ee_aaﬂo




The evaluation of this with simplification of logarithms yields

1 l < L1t ea)
2sinha me 1+ e
giving the required result.

In part (ii), the same technique can be employed for both integrals giving, in the first case
[ erme—e
(x+e¥)(x—e9) x
1

X —e"

- (e@ —I—le‘“) [ln ( x + eaa)]l

= > colsh 7 <a +In (coth %))

and in the second
f 1 d
(x2+e2)(x2+e79) x
0

e () e ()]
= — an™!| — | - —Ftanl (=
(e®—e™%) e_% e_% e% e%

1
- 2sinha (E 2 sinh E)

or alternatively
T

a
4 cosh >

3. The two primitive 4™ roots of unity are +i 50 C,(x) = (x — )(x + i) = x2 + 1

Cx)=x—-1,x2-1=((x-1(x+1) s0 C(x) =x+1,
x3-1=@x-1DE%*+x+1)s0 Gx)=x?+x+1
xP—1=(x—-D*+x3+x2+x+1) s0 Cs(x) =x*+x3+x2+x+1
x-1=@-D3+1D) =03 -DEx+1Dx?2—x+1) so Cg(x)=x?2—x+1

In part (i), C,,(x) = 0 = x* = —1 = x8 = 1 sonis amultiple of 8, and as there are 4 primitive
8" roots of unity, n must be 8.

xP=12xP-1=0=2(x - 1DP 1+ xP 2 +xP 3 +..-4+1)
1 is the only non-primitive root as no power of any other root less than the p™ equals unity,
because p is prime, s0 C,(x) = xP~1 4+ xP72 4+ xP73 4. 4+ 1

No root of C,(x) = 0isarootof C;(x) =0 foranyt # n. (Forift < n, by the definition of
C,(x), there is no integer t such that a® = 1 when a™ = 1. Similarly, if t > n.)

Thus if C,(x) = C.(x)Cs(x), and if C,(x) = 0, then C,.(x) = 0 or Cs(x) =0, s0

q=r1 0orq=s.



If g =r,then Cy(x) = C.(x), and so C;(x) = 1 which is not possible for positive s, and
likewise in the alternative case.

4. (i) As «a satisfies both equations, a? + aa + b = 0 and a? + ca + d = 0, so subtracting

these the desired result is simply found.

If (b—d)?—a(b—d)(a—c)+ b(a—c)? =0, then we may divide by (a — ¢)?, and find that
Eb_di satisfies x* + ax + b = 0. Butalso,

(ﬁ’l—g) +c(—$_—g)+d=(%) ta(-F5)+b+(c-a)(-=2)+@-b)and
SO — EZ disatlsflesx +cx+d=0.

On the other hand if there is a common root, then it is found at the start of the question and as it
satisfies a? + aa + b = 0, the required result is found.

If (b—d)?—a(b—-d)(a—c)+bla—c)>=0 and a = c, then b = d and so the two
equations are one and trivially have a common root. Alternatively, if there is a common root and
a = c, then the initial subtraction yields b = d, and so the result is trivially true.

(i) f(b—1)2—a(b—-r)a+b—q)+bla+b—q)*>=0,thenx?>+ax+b =0 and

x%+ (q — b)x +r = 0 have acommon root from (i), and so then do x? + ax + b = 0 and
x(x? + ax + b) + x2 + (q — b)x + r = 0 which is the required result.

On the other hand, if the two equations have a common root a, then a? + aa + b = 0

and a3 + (a + 1)a? + qa + r = 0, and thus so does

a3+ (a+ 1a? + qa + r — a(a? + aa + b) = 0 which is a quadratic equation and we can use
the result from (i) again.

Using = g ,q = g T = % , in the given condition, we obtain a cubic equation in b,

b3 — %bz + ib + % = 0, which has a solution b = 1, meaning the other two can be simply

obtained as b = %\/5.

5. The line CP can be shown to have equation (1 —n)y = x —an and so R is (0, ;—")

-1
So, similarly, S must be (% 0).

Thus RS has equation n(m — 1)x + m(n — 1)y = amn and PQ has equation mx + ny = amn.
As the coordinates of T satisfy both equations, they satisfy their difference which is

(mn—n—m)(x +y) = 0. As RS and PQ intersect, - ;t m((n Y which yields

(m —n)(mn —m —n) # 0 and hence (mn —m — n) 0 |mply|ng that T’s coordinates
satisfy x + y = 0 giving the desired result. (Alternatively, mn—m-n=0&n=-—"-<0,

which is a contradiction.)

The construction can be achieved more than one way, but one is to label the given square ABCD
anti-clockwise, choose points on AB and AD different distances from A, label them P and Q,
construct CP and CQ, and find their intersections with AD and AB, R and S, respectively, and
find the intersection of PQ and RS, label it T, then TA is perpendicular to AC. Rotating the
labelling through a right angle and repeating three more times achieves the desired square.




6. P, is (cos¢,sing,0), P, is (cos¢ cosA,sin¢@ cosA,sinl), Q, is (—sin¢,cos¢,0), Q, is
(—sin¢,cos¢,0), R, is (0,0,1) and R, is (—cos @ sin A, —sin @ sin 4, cos 1).
The scalar product OP, - OP, gives the quoted result immediately. The direction of the axis can

1 cos ¢ cos A
be found from the vector product (0) X (sin @ cos /1) giving the direction of the axis as

0 sin A
0
(— sin >
sin ¢ cos 4

7. The initial result can be obtained by differentiating y directly twice obtaining

ay _ . L1 m

ar = —sin(msin™! x) @

2 — _ cos(msin~? *— and substituting into the LHS.
dx?

(1-x2)2
(Slightly more elegant is to rearrange as cos™! y = msin~! x, differentiate and then square to

2
obtain (1 — x?) (%) = m?(1 — y?) and then differentiate a second time.)
The two similar results are (1 — xz)z 3xd 4 =+ (m? — 1)‘;—1 =0and
X2 d*y d3y 2 d?y .
1- )— —5x—=+(m* - 4)— = 0, which lead to the conjecture
(1- 2) s (Zn + 1)x

xnt1

Y+ (m? —n?) % = 0 which is proved simply by induction.

2 3
Using = 0, we find that y = ,Z—Z= ,%= —m?, ng_o %—mz(m —4)
2 2
and so the Maclaurin series commencesy = 1 — %xz + ("; 2 )
Now replacing x by sin 9,
2 2 2_92 _92
cosm@—l—r;l'x2+% 44 —1——sm 0+Msm 0+ -
All the odd differentials are zero, and the even ones are (—1)**1m2(m? — 22) ... (m? — (2k)?),

so if m is even all the terms are zero from a certain point (when m = Zk) and thus the series
terminates and is a polynomial in sin 6, of degree m.

8. Substituting for P(x), the desired integral is seen to be the reverse of the quotient rule, i.e.

R(x) 4

Q(x)
To choose a suitable function R(x) in part (i), substitution of R(x) = a + bx + cx? and
Q(x) =1+ 2x + 3x2 in the given expression yields a quadratic equation, and equating the
coefficients of the powers of x gives 5 = =3b+ 2c,—2=—-3a+c,—-3=—-2a +b.
These three equations are linearly dependent and so their solution is not unique.

Choosing, forexample a =0,=—-3,c=—-2andthen a=1,b = —1, ¢ = 1 gives solutions
. 1-x+x? 1+2x+3x%2-3x—2x2 -3x-2x2 .
which are related by ———— = T2 "2 1 4 2 e the same bar the
1+2x+3x2 1+2x+3x2 1+2x+3x2

arbitrary constant.



(sinx—2cosx) (5-3 cosx+4sinx)

(if) Rearranging the equation to be solved as — + y= ——, the
(1+cosx+2sinx) (1+cosx+2sinx)
f (sinx—2 cosx) 1
integrating factor is e’ (+cosx+zsinn™" = e‘ln(“c"sx”sm") =
1+cosx+2sinx

(5-3 cosx+4sinx)

(1+cos x+2 sin x)2

Repeating similar working to part (i), except with Q(x) = 1 + cosx + 2 sin x and

R(x) = a + bsinx + c cos x, gives three linearly dependent equations,
5=b—-—2c,-3=b—-2a,4=a-c

Choosinge.g. =4,b=5,c =0, thesolutionisy =4 + 5sinx + k(1 + cosx + 2 sinx)

As a result, the RHS we require to integrate is

Section B: Mechanics

muv?

9. Resolving radially inwards for the mass P, mgsinf —R = —,

where R is the normal reaction of the block on P, and v is the (common) speed of the masses
when OP makes an angle 6 with the table.

Conserving energy, %mvz + %Mv2 + mgasinf — Mga® = 0, and making v? the subject of

this formula to substitute in the first equation re-arranged for R,

2mg(MO—msin@) _ mg((3m+M)sin 6-2M0)
m+M - m+M -

Remaining in contact requires this expression to be non-negative forall ,0 <6 < >

R =mgsinf — is found.

Considering the graphs of y = asinfandy = b8 for 0 <0 < g

asind —bf >0,v0,0 < 0 Sg if and only if asin® — b6 > 0 for 6 =§

SOR>0 forall9,0 <6 < g if and only if (3m + M) sing— 2M§ > 0 which gives the
required result.

10. Resolving perpendicularly to OB, ma¢ = —T cos G -0 qb) , Where the tension in the

T PB- . PB
elastic string is T = A—. The sine rule — = —
c sin @ sin ¢

Putting these three results together gives the required expression

. b
Also from the sine rule, S0 — sng’ so for ¢p and 6 smaII — = yleldlng the desired

result.
From this result, & may be made the subject of the formula, so that the result

mag = -1 (% - 1) sin(@ + ¢), which for small angles becomes

mad ~ —1 (% - ) (6 + ¢) can be written ¢ ~ — - (b_a_c) (ﬁ) ¢

ma Cc
and hence the period is T ~ 27 /w.
Ab(b—a—c)




11. If the acceleration of the block is a’ , and the acceleration of the bullet is a’’, then
R—u(M+m)g =Ma'and —R = ma'"’,

. . R R—u(M+
so the relative acceleration a = a’ —a" = —+ ”(Tm)g

The initial velocity of the bullet relative to the block is - u and the final velocity of the bullet
relative to the block is 0. If the time between the bullet entering the block and stopping moving

through the block is T, then using” v =u+at “,0 = —u + (% + W) T

For the block, the initial velocity is 0, the final velocity is v , and again using v = u + at ,

_ _ R—u(M+m)g u
v=aT=—/ rres and so
( ) (E+ ( s ) ) ( )
_ (R | R—p(M+m g) R—u(M+m)g u __ Ru—uM+m)gu .
av = (m + y o (§+R‘”(M+m’9) = as required.

If the distance moved by the block whilst the bullet is moving through the block is s,
v2 Mv? _ Mv? _ ww

2a’ T 2(R-u(M+m)g) ~ M2 T 24
u

using” v2 = u? + 2as “, v? =2a’sandso s =

Once the bullet stops moving through the block, the next initial velocity of block/bullet is v, the
final velocity is 0, the acceleration is - ug, so the distance moved s’using

2
“p2 = y? 4 2as” isgiven by 0 = v2 — 2ugs’ ie. s’ = —

2ug
. . uv v? v
Thus the total distance moved is — + — = [ugu + av]
2a 2ug 2uga
v Ru—u(M+m)gu]
" 2uga [,ugu + M
_ v [R-pmg]
T 2ugl Ma
__ uv [R—umg] 1
T ougl M | R R-pMimyg
m M
_ uv [R—umg] Mm _ muv
2ugl M 1 (M+m)(R-umg)  2(M+m)ug

2
If R < (M + m)ug, then the block does not move, and the bullet penetrates to a depth %.

Section C:  Probability and Statistics

12. S—rS=1+dr+dr?+--+dr™+ - whichis 1 plus an infinitt GP. Summing that GP
and making S the subject produces the displayed result.

E(A) =1a+2(1-a)a+3(1—a)a+ --+n(1l—a)*ta+-- somaking use of the first

. _ _ _ . 1 (1-a) _ l 1—_a _ l
resultwithd = 1,7 = (1 —a), E(4) = a{l—(l—a) + (1_(1_a))2} B a{a T } T a




a=a+(1—-a)(1—-b)a=a+a'b'aoralternatively,a = a +a'b'a + a'*b"*a + -+ which
both lead to the required result.

— 1 _ —_ a'b H o 1237 13112 L — a'b
f=1—-a= oy OF alternatively, 8 =a’'b+a'“b'b+a'"b'“b + -+ = =o'y
The expected number of shots, S, is given by
E(S) =1la+2a'b+3a’b'a+ 4a’*b'b + 5a’°b"*a + -
=a{l+3a'b’ +5a"°b'* + -} + 2a’b{1 + 2a'b’ + -}
. . s . 1 2a’'p’ , 1 a'p’
which using the initial result of the question = a [1_a,b, + (1_a,b,)2] + 2a'b [1_a,b, + (1_a,b,)2]

and can be shown to simplify to the required expression.

13. Corr(Z,,Z,) =0
1 1
E(Y;) =E (P1ZZ1 +1- P%z)gzz) = p12E(Z) + (1 = p},)2E(Z;) = 0
1
Var(Y;) = Var (P1ZZ1 +(1- sz)fzz) = piVar(Zy) + (1 — pi)Var(Z,)
=phL+ (1 —pf) =1

AsE(Y;) =E(Y,) =0andVar(Y;) =Var(Y,) =1,

_ COV(Yl,Yz) _ _ _
Corr(Yy,Y;) = —Var(YI)Var(YZ) = Cov(Yy,Y,) = E(V1Y,) — E(Y))E(Y;)

1 1
=E (P1ZZ12 +(1- .0122)52122) = ppVar(Zy) + (1 — .0122)55(21)5(22) = P12

Var(Y;) =1 implies a? + b?> +c?2 =1
Corr(Y,,Y;) = p;3 implies a = p,5 as seen before.

1
Corr(Y,,Y3) = pps implies pipa + (1= pfy)2b = pyy

- — 2
and hence a = D13, b= P23 P1zpl13 c= |1- p123 _ (p23 P122P13)
2.\2 (1-p2)
(1-p12)?

Xi = U; + O-iYi for i = 1,2,3 as E(Xl) = E(‘Lll + O-iYi) = E(‘Lll) + E(O'lYl) = U; + O'lE(Yl) = Ui,
Var(X,) = Var(u; + 0;Y;) = Var(a;Y;) = 6?Var(Y;) = o7, and
Corr(X;,X;) = Corr(Y;,Y;) = p;; as a linear transformation does not affect correlation.



